We determine the irreducible weight modules with weight multiplicities at most 1 over the derivation algebra of the localization of the quantum plane at q = −1.
INTRODUCTION
Defined as the noncommutative associative algebra C q = C q [x 1 , x 2 , x −1
2 ] of (noncommutative) Laurent polynomials over the complex field C with the relation x 2 x 1 = qx 1 x 2 (where q = 0, 1 is a fixed complex number), the quantum plane, which has drawn some authors' attentions (eg, [1, 2, 4, 9, 10] ), is a fundamental ingredient in quantum groups (cf. [3] ). Under the usual commutator, it is a Lie algebra, denoted as C The Lie algebra with relation (1.2) is usually referred to as the Virasoro-like algebra in the literature (cf. [2, 9] ). Thus the Lie algebra C L q is also referred to as the q-analog of the Virasoro-like algebra [2, 4, 9] . One has
where
are respectively the derived subalgebra of C L q and the center of C q . Obviously, C ′ q is a simple Lie subalgebra of C q . It is straightforward to compute (see also, [1, 2] ) that
where Der C q is the derivation algebra of the associative algebra C q , Der C ′ q is the derivation algebra of the Lie algebra
is the inner derivation algebra of C ′ q , and where ∂ 1 , ∂ 2 are degree derivations of C q defined by
The isomorphism in (1.4) is given by the restriction
. Thus using a result in [8] , Der C q is a complete Lie algebra, i.e., a centerless Lie algebra without outer derivations (see also [1, 2] ).
A module V over Der C q is called a weight module if V admits a finite-dimensional weight space decomposition with respect to the Cartan subalgebra H = C∂ 1 ⊕ C∂ 2 of Der C q , i.e.,
where H * is the dual space of H. A weight module V is called a module of the intermediate
The classification of representations, esp., irreducible representations, of Der C q is definitely an important problem and interesting as well, not only because C q plays an important role in quantum groups, but also it provides examples of irreducible representations of some complete Lie algebras which are not simple Lie algebras. Zhang and Zhao in [9] in fact constructed a class of modules of the intermediate series over Der C q when q is generic (i.e., not a root of unity). In this paper, we shall discuss modules of the intermediate series over Der C q when q is a root of unity. In particular, we classify the modules of the intermediate series over the derivation algebra Der C q of the quantum plane for the special case when q = −1, i.e., the localization of the quantum plane at q = −1. Our purpose is to understand a little bit about the modules of the intermediate series over Der C q when q is a root of unity.
In Section 2, after collecting some necessary information, we give the proof of our main result (Theorem 2.3).
NOTATIONS AND MAIN RESULT
Suppose q is an N-th primitive root of unity for some N > 1. Then the center Z(
is a rank 2 (classical) Witt algebra. We identify ad C ′ q with C ′ q . Then by (1.4),
is a basis of Der C q .
Suppose V as in (1.6) is an indecomposable weight module over Der C q . We identify Note that for any a, b ∈ C such that a, b are Q-linearly independent, the subspace
higher rank Virasoro algebra). From this, one can either prove as in [5, 6] , or directly use a result in [11] to obtain that there exists some b i ∈ C, and one can choose a basis v i+m of
where m, n ∈ NZ 2 , and where ·, · is the bilinear form on H × C 2 defined by
Note that the representative element i ∈ Z/NZ 2 does not need to be in the distinguished
holds (where b i only depends on the set Z 2 /NZ 2 ). By choosing all i ∈ Z 2 /NZ 2 , the above in fact defines v m for all m ∈ Z 2 with α + m = 0. In the following discussion, we shall use the convention that when a notation v m appears in an expression with the index m ∈ Z 2 , we always assume that α + m = 0.
Note that when c m,i+n appears in an expression, we always assume that α + i + n = 0 =
Note that in (2.7), by our convention we always assume
We consider the following cases.
Case 1:
for simplicity we denote λ ∂ ′ = ∂, λ ∈ C and denote i
We claim c m,i+n = c m,i+k+n for k, n ∈ NZ 2 . (2.10)
take infinite many different values for k ∈ NZ 2 ). Now for any n ∈ NZ 2 , we take k = k − n in (2.9), then we obtain c m,i+n = c m,i+ k . Thus we have (2.10). Similarly (2.10) holds if b = 0.
Next suppose b = 0, 1. Then for any k, n ∈ NZ 2 , we can always choose some j ∈ NZ 2 such that i
Thus (2.9) gives that c m,i+n = c m,i+j = c m,i+k+n , and (2.10) holds. Now choose ∂ ∈ H such that m ∂ = 0. Then (2.10) and (2.7) show that c k+m,i+n = c m,i . This proves the lemma in this case. In this case, in particular (2.10) holds, which together with (2.7) gives (i) as in case 1. For (ii), there is nothing to prove in this case.
Case 3: b i = b i+m and c m,i+ n = 0 for some n ∈ NZ 2 .
As in Case 1, take
Denote the left-hand side of (2.11) by d(k, n). Then for any j, k ∈ Z 2 , we have a system of 3 linear equations in the 3 unknown variables c m,i+ n , c m,i+k+ n , c m,i+j+ n :
Since (2.12) has a solution c m,i+ n = 0, we obtain that the determinant of these 3 linear equations is zero, i.e., 
Choose ∂ ′′ ∈ H such that m ∂ ′′ = 1. Then (2.7) and (2.15) give
In (2.7), replacing ∂, m, k by ∂ ′′ , k + m, −k respectively, noting that b i+k+m = b i+m for k ∈ NZ 2 , we obtain
Using (2.15) and (2.16) in (2.17), we obtain
Then (2.18) shows that c m,i+ n = 0, a contradiction. Thus this case does not occur, and the lemma is proved.
Then (2.2) and Lemma 2.1(ii) show that V [i] is a (Der C q )-submodule of V , and obviously,
. Applying (1.1) to v i , we obtain a system of equations in unknown
From the discussion above, we see that the classification of indecomposable (Der C q )-module V of the intermediate series is equivalent to solving the system (2.20). Proof. It is straightforward. 
Proof. We can suppose V is a faithful module (i.e., every nonzero element of Der C q acts nontrivially on V ), otherwise the only proper ideal ad C ′ q of Der C q must act trivially on V and then V is simply a W -module, and so the result follows from [11] .
We want to prove that by a suitable choice of basis elements v k , k ∈ Z 2 satisfying (2.6), 
